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REALIZATION SPACES OF ALGEBRAIC STRUCTURES ON 

COCHAINS 

SINAN YALIN 


Abstract. Given an algebraic structure on the cohomology of a cochain com¬ 
plex, we define its realization space as a Kan complex whose vertices are the 
structures up to homotopy realizing this structure at the cohomology level. 
Our algebraic structures are parameterized by props and thus include vari¬ 
ous kinds of bialgebras. We give a general formula to compute subsets of 
equivalence classes of realizations as quotients of automorphism groups, and 
determine the higher homotopy groups via the cohomology of deformation 
complexes. As a motivating example, we compute subsets of equivalences 
classes of realizations of Poincare duality for several examples of manifolds. 
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Introduction 

Motivations. Realization problems of algebraic structures appear naturally in var¬ 
ious contexts related to topology and geometry. It consists in determining a space 
whose cohomology or homotopy groups are isomorphic to a given algebra, a cochain 
complex equipped with an algebraic structure up to homotopy whose cohomology 
is isomorphic to a given algebra, or constructing an algebraic structure up to ho¬ 
motopy on a given cochain complex which induces the desired structure at the 
cohomology level. In practice, one defines a moduli space of such objects (spaces, 
homotopy algebras or homotopy structures) and sets up an obstruction theory to 
determine whether this moduli space is non empty (existence problem) and con¬ 
nected (uniqueness problem). This obstruction theoretic approach to connectedness 
of such moduli spaces goes back to the pioneering work of Halperin and Stasheff [Hi- 
Such methods were successfully applied in [T] to determine the topological spaces 
realizing a given Il-algebra (a graded group equipped with the algebraic opera¬ 
tions existing on the homotopy groups of a pointed connected topological space). 
A similar approach was thoroughly developed by Goerss and Hopkins in m to 
build obstruction theories for multiplicative structures on ring spectra, proving in 
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particular the existence and uniqueness of £loo-structures on Lubin-Tate spectra (a 
non trivial improvement of the Hopkins-Miller theorem). 

Realization problems also occur in the differential graded setting, and can in¬ 
volve algebraic structures not parameterized by operads but more general props. 
Moreover, to fully understand the realization problem, one has to determine the 
homotopy type of the corresponding moduli space. In particular, counting the con¬ 
nected components (the equivalence classes of realizations) when the realization is 
not unique is a very hard problem. Let us give two motivating examples. 

The operations defining Poincare duality on a closed connected oriented manifold 
organize into a Frobenius algebra structure on its singular cohomology (when the 
coefficients are taken in a field), or equivalently a (unitary and counitary) Frobenius 
bialgebra. As a consequence of m, we know that, when working over Q, Poincare 
duality can be realized at the cochain level in a Frobenius bialgebra up to homotopy 
(a homotopy Frobenius bialgebra) which extends the Floo-structure generated by 
the (higher) cup products. Briefly, this comes from the following argument line. 
Singular cochains with the higher cup products on a closed connected manifold M 
form an Aoc-algebra quasi-isomorphic to the Sullivan model of M in rational homo¬ 
topy theory (see for instance i)- This Sullivan model is a commutative dg algebra 
whose cohomology forms a Frobenius bialgebra, hence by [24j is quasi-isomorphic, 
as a commutative algebra, to a certain Frobenius bialgebra. This Frobenius bial¬ 
gebra structure can then be transferred along the two quasi-isomorphisms above 
into a homotopy Frobenius bialgebra structure on singular cochains extending the 
higher cup products. Let us note that when working over K., one can alternately 
use the de Rham complex of M instead of its Sullivan model. Such realizations 
are not well known at present, and even an explicit notion of homotopy Frobenius 
bialgebra was obtained only recently in [5]. These higher operations are expected 
to contain geometric information about the underlying manifold. 

String topology, introduced by Chas and Sullivan in [1], study the homology of 
loop spaces on manifolds. Due to the action of the circle on loops, one considers 
either the non equivariant homology or the S'^-equivariant homology (called the 
string homology). These graded spaces come with a rich algebraic structure of 
geometrical nature. In the non equivariant case, it forms a Batalin-Vilkovisky 
algebra, and in the equivariant one it forms an involutive Lie bialgebra [S]. This 
involutive Lie bialgebra is expected to be induced by finer operations at the chain 
level, organized into a homotopy involutive Lie bialgebra. Let us note that, even 
though we work in the cochain setting in this paper to apply our results to the study 
of Poincare duality, our results still hold true when working with chains instead of 
cochains, and thus can be applied to the string topology example as well. 

Results in the prop setting. Let P be a prop and X be a cochain complex 
such that H*X forms a P-algebra. A P-algebra up to homotopy, or homotopy 
P-algebra, is a an algebra over a cofibrant resolution Poo of P. In a Poo-algebra 
structure, the relations defining the P-algebra structure are relaxed and are only 
satisfied up to a set of coherent (higher) homotopies. According to [3S], such a 
notion is homotopy coherent with respect to the choice of a cofibrant resolution 
Poo- We consider two sorts of realization spaces. The first one, an analogue in 
the dg setting of those studied in m, is the simplicial nerve of a category 

whose objects are the Poo-algebras {X, </>) with a cohomology isomorphic to 
H*X as a P-algebra, and morphisms are quasi-isomorphisms of Poo-algebras. The 
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second one is a Kan complex Real{H*X) whose vertices are the prop morphisms 
Poo Endx inducing the P-algebra structure P Endn^x in cohomology. It is 
a simplicial subset of the simplicial mapping space Poo{X} of maps Poo —>■ Endx 
(the moduli space of Poo-algebra structures on X). We decompose Realp^{H*X) 
into more manageable pieces called “local realization spaces” 

Realp^{H*X)= [] PooW[^]. 

[A,0]e7roA/''RPoo 

For a given (f) : Poo —>■ Endx, the local realization space Poo{-^}[ 0 ] is a Kan complex 
whose vertices are the Poo-algebra structures : Poo —>■ Endx such that the Poo- 
algebras {X, ip) and (X, cj)) are related by a zigzag of quasi-isomorphisms. The main 
result of our paper reads: 

Theorem 0.1. Let P he a prop with trivial differential and Poo be a cofibrant 
resolution of P. Let X be a cochain complex such that H*X forms a P-algebra. 

(1) There is an injection 

Aut^{H*X)/Aut^^^^^p^^{H*X, j)) -A TToRealp^{H*X) 

where Aut-g^{H*X) stands for the group of automorphisms of H*X as a dg K-modwZe 
and Aut^^^^^Poa,^{El*X^(j)) stands for the group of automorphisms of {H*X,(j)) in 
the homotopy category of dg Poo-algebras. 

(2) Porn > 1, the homotopy groups of the realization space Realp^{H*X) 
are given by 

^n{Realp^{H*X),(j)) ^ H^-^Der^{Poo,EndH‘x). 

(3) For n > 2, we have 

T:n{Realp^{H*X),(j)) ^ 7r„(A/'P^“, </>)) 

{{H*X, </>), {H*X, f)), id) 

where L^ is the hammock localization functor constructed in [7] . 

Note that L^wCh^°° (—,—) is the simplicial monoid of homotopy automor¬ 
phisms. When P is an operad, then the Poo-algebras form a model category and 
we recover the usual simplicial monoid of self weak equivalences haut{—). To put 
it into words, one can compute connected components of the moduli space of re¬ 
alizations as quotients of automorphisms groups, its higher homotopy groups at a 
given base point are isomorphic to the cohomology of the deformation complex of 
this base point, and for n > 2 we recover the homotopy groups of the "Goerss- 
Hopkins" realization space and the homotopy groups of homotopy automorphisms. 
The proof of Theorem 0.1 is as follows. We consider a restriction of the homo¬ 
topy fiber sequence of [351 Theorem 0.1] to local realization spaces, we explain how 
we can replace it with an actual Kan fibration up to weak equivalences obtained 
from a certain simplicial Borel construction, and we use long exact sequences argu¬ 
ments. The computation of higher homotopy groups follows from a correspondence 
between higher homotopy groups of mapping spaces and cohomology groups of de¬ 
formation complexes. The proof of this intermediate result relies on Lie theory for 
Loo-algebras and is fully written in m- 

We then study extensions of algebraic structures. Precisely, if we have a prop 
morphism O —>■ P, it implies that every P-algebra is in particular a O-algebra. 
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The realization problem is the following. The prop morphism O —^ P induces a 
prop morphism i : Ooo —>■ Poo- Let X be a cochain complex such that H*X is a P- 
algebra, and suppose that X possesses a Ooo-algebra structure given by a morphism 
■ Ooo — >■ Endx- The extensions of this Ooo-algebra structure into Poo-algebra 
structures are parametrized by the homotopy hber 

Poo{X,^} ^ Poo{X} 4 Ooo{X}, 

where i* is the map induced by precomposing with i and the fiber is taken over the 
base point i/;. Our first result in the relative setting is a generalization of the main 
theorem of m- 

Theorem 0.2. Let {X,'tp) he a dg Ooo-algebra. Then the commutative square 

Poo{X, -0}-^ AfwCh^°° 

Afi* 

> - 

{X,^} - ^AfwCh^- 

is a homotopy pullback of simplicial sets. 

We then use a simplicial Borel construction to get results similar to those of the 
non relative context. In particular, for local realization spaces there is a injection 
of connected components 

^ '^0-Foo{^ 7'0}[<;i]- 

Results in the operad setting. When Poo is an operad, it turns out that 
Realp^{H*X) has a nice interpretation as the moduli space of Poo-algebras with 
underlying complex X realizing the P-algebra structure on H*X, such that iroRealp^ {H*X) 
is the set of oo-isotopy classes of such algebras (oo-morphisms of Poo-algebras which 
reduce to the identity on X). Using the obstruction theory for algebras over operads 
developed in [5D] in terms of gamma cohomology, we get: 

Theorem 0.3. Let P be a E-cofibrant graded operad with a trivial differential. Let 
H*X he a P-algehra such that HT%{H*X,H*X) = X, H*X) = 0. Then 

there is an injection 

AutK{H*X)/Autp{H*X) -A TroRealp^{H*X) 
and an isomorphism 


-Ki{Realp^{H*X),(f)) = {id(^H*x,4,)}- 


For n > 2 we have 


'Kn{Realp^{H* X),4>) 


TTn-i (hautp^ {Hoo ),id) 

HTp^{H*X,H*X). 


where Hoo is a cofibrant resolution of H*X in Poo-algebras. 






REALIZATION SPACES OF ALGEBRAIC STRUCTURES ON COCHAINS 


5 


Applications to Poincare duality. We apply these results to determine equiva¬ 
lence classes of realizations of Poincare duality on oriented compact manifolds. Let 
M be a compact oriented manifold. Then H*{M;K) is a particular kind of Frobe- 
nius algebra, called a special symmetric Frobenius bialgebra (a structure which 
plays a prominent role in the algebraic counterpart of conformal field theory [HD- 
Let us denote by sFrob the prop encoding such bialgebras, we have 

AutK{H*X)/Autcom{H*X) -A TrosFrob^{H*X}[^] 

where (p is the trivial sFrobooStructme sFroboo sFrob —>■ Endn^x- To put 
these observations into words, we prove that we can compute connected components 
of the local realization space of Poincare duality on cochains around the trivial 
homotopy structure as a quotient of its graded vector space automorphisms by 
its commutative algebra automorphisms. We apply this to compute subsets of 
connected components of realizations of Poincare duality for some examples of 
manifolds: 

• (1) For the n-sphere S'" we have 

Q* ^ TTosFrob^{H*S^}[^]. 

• (2) For the complex projective space CP" we have 

(Q*)x- ^ nosFrob^{H*CP^}[^]. 

• (3) Let S be a compact oriented surface of genus g. We have 

Q* ^ nosFrobaa{H*S}[^]. 

• (4) For M = CP^ttCP^, that is, the connected sum of two copies of CP^, 
we have 

GP2(Q)/C02(Q) X Q* -a TrosFroboo{H*M}[^] 
where G 02 (Q) = Q* k 02 (Q) is the conformal orthogonal group. 

This shows that there is an infinite number of such realizations with a certain subset 
of connected components parametrized by quotients of well known groups. 

Remark 0.4. Let us note that by there is a non trivial action of the Grothendieck- 
Teichmiiller Lie algebra on the higher homotopy groups of realization spaces of 
homotopy Frobenius structures. 

Organization: Section 1 is a reminder about props and their homotopical properties, 
algebras over props, and moduli spaces of such structures. Section 2 is devoted to 
realizations spaces and the proof of Theorem 0.1. We define realization spaces and 
their decomposition into local realization spaces, then we show how to replace the 
homotopy fiber sequence in the main theorem of |39j (restricted to local realization 
spaces) by an actual Kan fibration obtained by a certain simplicial Borel construc¬ 
tion (Theorem 2.8). From Theorem 2.8, [101 Corollary 2.18] and a long exact 
sequence argument we get Theorem 0.1 (Theorem 2.14 in Section 2.3). In Section 
3, we treat the case of algebras over operads, for which an explicit computation of 
connected components of the whole realization space as well as higher homotopy 
groups can be obtained in terms of the F-cohomology defined in m- Section 4 
deals with realizations of extensions of a given algebraic structure. The results of 
section 2 extend to the relative case by proving Theorem 0.2 and an analogue of 
Theorem 2.8, from which we deduce a characterization of connected components of 
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relative realization spaces analogue to part (1) of Theorem 0.1. Finally, Section 5 
focuses on an application of such results to the realization of Poincare duality at the 
cochain level. We prove several results about connected components of realizations 
of special symmetric Frobenius bialgebras, as well as extensions of a commutative 
algebra structure to such a bialgebra structure, and conclude with some examples. 

Convention. Throughout the text, we work in the category C/ik of Z-graded 
cochain complexes over a field K. 

Funding statement. This article was written while the author was employed as 
an assistant researcher at the University of Luxembourg, and the current version 
was completed while the author was funded by the European Union’s Horizon 
2020 research and innovation programme under the Marie Sklodowska-Curie grant 
agreement No 704589 at the University of Copenhagen. 

Acknowledgements. I would like to thank David Chataur for useful discussions 
about realization problems, which inspired the writing of the present paper. 

1. Classification spaces and moduli spaces 

The category C/ik of cochain complexes over a field K is our main working 
example of symmetric monoidal model category, that is, a model category equipped 
with a compatible symmetric monoidal structure. We assume that the reader is 
familiar with the basics of model categories, and we refer to Hirschhorn [TH] and 
Hovey [H] for a comprehensive treatment. We refer the reader to [5^ Chapter 4] 
for the axioms of symmetric monoidal model categories formalizing the interplay 
between the tensor and the model structure. Such a compatibility between the 
tensor product and the model category structure is crucial to make dg props inherit 
good homotopical properties, in particular to get well defined notions of homotopy 
algebra structures and moduli spaces of such structures. 

1.1. On E-bimodules, props and algebras over a prop. A (differential graded, 
dg for short) S-biobject is a double sequence {M (to, n) € C'/iK}(m,n)eN 2 where each 
M (to, n) is equipped with a right action of Em and a left action of E„ commuting 
with each other. 

Definition 1.1. (1) A dg prop is a E-biobject endowed with associative horizontal 
products 

Oh : U(toi, ni) (g) P(to 2 , U2) —t P{mi -|- m2, Ui -k 112), 
vertical associative composition products 

Oy : P{k, n) (g) P(to, k) —> P{m, n) 

and units 1 —>■ P{n^ n) neutral for both composition products. These products 
satisfy the exchange law 

(/i Oh /2) o„ (gi Oh 92) = (/l Oy gi) Oh (/2 o„ g2) 

and are compatible with the actions of symmetric groups. Morphisms of props are 
equivariant morphisms of collections compatible with the composition products. 
We denote by P the category of props. 

(2) A prop P has non-empty inputs if it satisfies 


P(0,n) 


K, if n = 0, 

0 otherwise. 
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We define in a symmetric way a prop with non-empty outputs. We denote by Vq 
the full subcategory of V consisting of props with non-empty inputs. 

The following definition shows how a given prop encodes algebraic operations on 
the tensor powers of a cochain complex: 

Definition 1.2. (1) The endomorphism prop of a cochain complex X is given by 
Endx{m,n) = Homch^{X®'^, X®^) where Homch^ is the internal horn bifunctor 
of Ch^. 

(2) Let P be a dg prop. A P-algebra is a cochain complex X equipped with a 
prop morphism P —)■ Endx- 

Hence any “abstract” operation of P is sent to an operation on X, and the 
way abstract operations compose under the composition products of P tells us the 
relations satisfied by the corresponding algebraic operations on X. 

There is a free-forgetful adjunction between E-biobjects and props, for which we 
refer to m, which transfer the cofibrantly generated model category structure of 
S-biobjects to the category of props: 

Theorem 1.3. (see theorem 4-9) (1) Suppose that char{K) > 0. The cate¬ 
gory Vo of props with non-empty inputs (or outputs) equipped with the classes of 
componentwise weak equivalences and componentwise fibrations forms a cofibrantly 
generated semi-model category. 

(2) Suppose that charfK.) = 0. Then the entire category of props inherits a 
full cofibrantly generated model category structure with the weak equivalences and 
fibrations as above. 

A semi-model category structure is a slightly weakened version of model category 
structure: the lifting axioms work only with cofibrations with a cofibrant domain, 
and the factorization axioms work only on a map with a cofibrant domain (see the 
relevant section of [H]). The notion of a semi-model category is sufficient to apply 
the usual constructions of homotopical algebra. Let us note that props with non¬ 
empty inputs or non-empty outputs usually encode algebraic structures without 
unit or without counit, for instance Lie bialgebras. 

1.2. Moduli spaces and relative moduli spaces of algebra structures over 

a prop. A moduli space of algebra structures over a prop P, on a given cochain 
complex Ai, is a simplicial set whose points are the prop morphisms P —>■ Endx- 
For the sake of brevity and clarity, we refer the reader to the chapter 16 in [18] for a 
complete treatment of the notions of simplicial resolutions, cosimplicial resolutions 
and Reedy model categories. 

Definition 1.4. Let P be a cofibrant dg prop (with non-empty inputs if char(K) > 
0) and AT be a cochain complex. The moduli space of P-algebra structures on X is 
the simplicial set alternatively defined by 

P{X} = Morvo (P ® A[-], Endx) ■ 

where P 0 A[—] is a cosimplicial resolution of P and Pq is the category of props 
with non-empty inputs (see Definition 1.1), or 

P{X} = Morpo(P,Pnd^'”'). 
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where End‘^^ ^ is a simplicial resolution of Endx ■ Since every cochain complex over 
a field is fibrant and cofibrant, every dg prop is fibrant: the fact that P is cofibrant 
and Endx is fibrant implies that these two formulae give the same moduli space 
up to homotopy. 

Let us note that if the field K is of characteristic zero, then one can replace Vq 
by the category V of all dg props in this definition. 

We can already get two interesting properties of these moduli spaces: 

Proposition 1.5. (1) The simplicial set P{X} is a Kan complex and its connected 
components give the equivalences classes of P-algebra structures on X, i.e 

TroP{X} = [P,Endx]Ho{Vo)- 

(2) Every weak equivalence of cofibrant props P ^ Q gives rise to a homotopy 
equivalence of fibrant simplicial sets Q{X} P{X}. 

These properties directly follow from the properties of simplicial mapping spaces 
in model categories [18] . The higher simplices of these moduli spaces encode higher 
simplicial homotopies between homotopies. 

Now let us see how to study homotopy structures with respect to a fixed one. Let 
O —>■ P be a morphism of props inducing a morphism of cofibrant props Ooo Too 
between the corresponding cofibrant resolutions. Let X be a cochain complex, and 
suppose that X possesses a Ooo-algebra structure given by a morphism tp ■ Ooo —^ 
Endx ■ The extensions of this Ooo-algebra structure into Poo-algebra structures are 
parametrized by the homotopy fiber 

Poo{X,l/>} ^ Poo{X} 4 Ooo{X}, 

where i* is the map induced by precomposing with i and the fiber is taken over 
the base point if. The Kan complex Poo{X, i/i} is our relative moduli space of 
Poo-algebra structures on X extending its fixed Ooo-algebra structure ip. 

Example 1.6. Our main example of interest is the following. We know that the 
Poo-algebra structures on the singular cochains classify the rational homotopy type 
of the considered topological space. Let X be a Poincare duality space, then its 
cohomology form a Frobenius algebra (and thus a Frobenius bialgebra, see Section 
5). Its singular cochains C'»(X; Q) equipped with the higher cup products form an 
Poo-algebra quasi-isomorphic to the Sullivan model of X in rational homotopy the¬ 
ory. Let us note ip : Poo E!ndc,(x-,Q) this Poo-algebra structure. This Sullivan 
model is a commutative dg algebra whose cohomology forms a Frobenius bialgebra, 
hence by m is quasi-isomorphic, as a commutative algebra, to a certain Frobenius 
bialgebra. This Frobenius bialgebra structure can then be transferred along the 
two quasi-isomorphisms above into a homotopy Frobenius bialgebra structure on 
singular cochains extending the Poo-structure, by using the relative transfer the¬ 
orem given by Theorem 4.1 below, which means that the relative moduli space 
Frobao{C^{X;Q),ip} is not empty. A way to understand the homotopy Frobe¬ 
nius structures up to the rational homotopy type of this space is thus to analyze 
71* Pro5oo {P* (X; Q), ■0} ■ 

1.3. Moduli spaces as homotopy fibers. We recall from m a commutative 
diagram which will be crucial in the remaining part of the paper, and refer the 
reader to [39] for more details. Let V a cofibrant prop, and the 
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bisimplicial set defined by where the 

w denotes the subcategory of morphisms which are weak equivalences in £. Then 
we get a diagram 


pt -^ M{fw£'^^) -^ M{vj£‘^f) 

where the fw denotes the subcategory of morphisms which are acyclic fibrations in 
£. The crucial point here is that the left-hand commutative square of this diagram 
is a homotopy pullback, implying that we have a homotopy pullback of simplicial 
sets (see [2S1 Theorem 0.1]) 

P{X} - ^MiwChP) 


{X}-5- MwCHk- 

2. Characterization of realization spaces via the Borel construction 

2.1. Fibrations and the simplicial Borel construction. We denote by sSet^, 
the category of pointed simplicial sets. First recall that any Kan fibration 

F^K^L, 

where we suppose {L,Iq) pointed and F is the fiber over this basepoint Iq (the 
typical fiber), induces a long exact sequence 

■■■'^n+l{L,lQ) A TTn{F,kQ) —i 7r„(iF,fco) A 7r„(L,/ q) ^ 

where Iq = p(fco). The boundary map di : 7ri(L) —>■ 7ro(F) factors through a 
bijection ni(L)/Im{TTi(p)) = Im{di), hence an injection 

7ri(L)//m(7ri(p)) ^ ttqF 

which will be useful later to determine subsets of connected components of our 
realization spaces. Let us note that Im{di) is not in bijection with ttqF in general 
but just a subset of it. By exact sequence arguments, the map di is a surjection 
for instance when L and K are connected, but not anymore if K is not connected. 

Simplicial monoids are monoid objects in sSet^, (or sSet). Let G be a simplicial 
monoid and iF be a simplicial set. A left action of G on K is a simplicial map 

G,xK, K, 

{ 9 ,x) g.x 

such that g2.{gi.x) = {g2gi).x and e.x = x where e is the neutral element of 
G,. One can associate to G two particular simplicial sets W,G and VF.G, the 
later being the classifying complex of G. The set WqG has a unique element, and 
WnG = Gn-i X Gn -2 X ... X Gq for n > 0. We refer to [121 Chapter IV, pages 
87-88] for the formulae defining the faces and the degeneracies. The space VFG is 
the decalage of WG, i.e W„G = Wn+iG and the faces and degeneracies are shifted 
as well. One can see that WG = G Xt(G) where r(G)(g„_i, ■■■,go) = gn-i is 
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a twisting function WG ^ G. The associated projection pa WG ^ WG is a, 
principal G-bundle called the universal G-bundle, and WG is contractible. 

Now let K he a simplicial set endowed with an action of G, we associate to it 
a twisted cartesian product K XrWG where r is a twisting function and {K Xr 
WG)n = Kn X Gn- This twisted cartesian product actually equals to the quotient 
K xq WG = K X WG/{{g.x,y) = {x,g.y)). One can construct from the principal 
G-bundle po a G-bundle Pq : K xqWG ^WG oi fiber K defined by p*Q{x,y) = 
Pg{x)- By [Ml Chapter IV, Proposition 8.4], every twisted cartesian product whose 
fiber is a Kan complex forms a Kan fibration, and by [Ml Chapter IV, Theorem 
19.4], the G-bundles are twisted cartesian products, so a G-bundle with a Kan 
complex as fiber forms a Kan fibration. To conclude, let us recall that there is a 
bijective correspondence between homotopy classes of simplicial maps B ^ WG 
and G-equivalence classes of G-bundles of base B with a fixed fiber [Ml Chapter 
IV, Theorem 21.13]. 

2.2. Realization spaces and automorphisms groups. The general idea is the 
following. Let P be an arbitrary prop. We consider a cochain complex X such 
that H*X is equipped with a P-algebra structure. We would like to study the 
Poo-algebra structures p : Poo —t Endx on X such that H*{X,(p) = H*X as 
P-algebras, that is the Poo-algebra structures realizing the P-algebra H*X at the 
CO chain level. 

Assumption: we suppose that the differential of P is trivial, since we need prop 
isomorphisms iL*Poo = H*P = P. 

Any prop morphism ip : P^o —t Endx induces a prop morphism P —>■ Endifx in 
the following way. By m Proposition 3.4.7], any symmetric monoidal dg functor 
P : Gft.K G/ik induces, for every X G G/ik, a prop morphism Endx Endp(^x) 
defined for m, n G N by 

Pome/.,(V®™, A®") ^ Pomc/.,(P(A®™),P(A®")) ^ Pomc/.,(P(A)®™, P(A)®"). 

Since P*(—) is a symmetric monoidal functor on cochain complexes, there exists a 
prop morphism px '■ Endx —t Endn^x- We thus obtain a prop morphism 

Poo ^ Endx ^ Endn^x 

and apply the cohomology functor aritywise 

H*{px op):P^ H*P^ ^ H*EndH>x = Endn-x- 

A way to encode these structures, their equivalences classes and higher homo- 
topies is to construct a realization space Realp^ {H*X) which will be a certain Kan 
subcomplex of Poo{A}. For this aim we need the following lemma: 

Lemma 2.1. Let K be a Kan complex. Let Lq C Kq be a subset of the vertices 
of K. There exists a unique Kan subcomplex L C K, constructed by induction on 
the simplicial dimension, such that for any n > 0, the n-simplices of L are the 
n-simplices of K whose faces belong to Pn-i- 

Proof. We define the simplices of L by induction on the simplicial dimension: 

Li = {k G Ki\dok, dik G Pq} 


Lji — {k G K,.i\^i, dik G P,..—!}. 
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By construction, the faces of K restrict to L. We now check by induction on the 
simplicial dimension n that the degeneracies of K also restrict to L. For n = 0, let 
cc be a vertex of L. There is only one degeneracy so(a;) S ^ij and by the simplicial 
identities we have 

(do o so){x) = X € Lq 


and 


(di o so){x) = x € Lq, 

so So (a;) € Ti since its faces belong to Lq. Now, let us suppose that there exists 
a positive integer n such that the degeneracies sj : Kn-i — >■ Kn restrict to maps 
Sj : Ln-i —>■ Ln- Let a G Ln be a n-simplex of L and 0 < j < n be a fixed integer. 
For i = j and i = j + 1, we have 


{di o Sj){cj) = <7 G Ln- 

For i < j we have 

{di o Sj){a) = {sj-i o di){a) 

which belongs to because by definition of the {n— l)-simplex di{a) belongs 
to Ln-i, and by induction hypothesis sj-i : Kn-i —>■ Kn restricts to Sj_i : Ln-i —>■ 
Ln- For i > J' + 1 we have 

{di o Sj){a) = {sj o di_i)(tT) 

which belongs to by the same arguments. All the faces of Sj{a) belongs to 
so Sj{a) belongs to Ln+i- 

Regarding the Kan condition, it is sufficient to check it in dimension 2 (it works 
similarly in higher dimensions, given the inductive construction of L). The horn 
consists in two 1-simplices having one common vertex 


2 



1 



3 


Consider the image of A^ in L under a given simplicial map. Since L is included 
into a Kan complex AT, one can fill this horn in AT, choosing a 1-simplex 13 relating 
the simplices 1 and 3 and a 2-simplex 123 filling the triangle. Now, since 1 and 3 
are in A, by definition 13 also lies in L. Given that 21, 23 and 13 are 1-simplices of 
A, by construction 123 is a 2-simplex of A and the horn is filled in A. □ 


We apply this construction to the Kan complex Poo{X}, by choosing as a set 
of vertices the Poo-algebra structures Poo —>■ Endx realizing P —>■ Endu^x- We 
obtain the desired Kan complex Realp^{H*X)- 


2.2.1. Local realization spaces. The reader will notice that our definition of the 
realization space is not the same as the one given for instance in [ 16 j . where it 
is defined as the simplicial nerve of a category whose objects are the Poo-algebras 
with a cohomology isomorphic to H*X as P-algebras, and morphisms are quasi¬ 
isomorphisms of Poo-algebras. One the one hand, we restrict ourselves to the Poo- 
algebras having X as underlying complex. On the other hand, according to m, 
if two prop morphisms ■ Poo Endx are homotopic then {X,(j)i) and 
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{X, (j) 2 ) are related by a zigzag of quasi-isomorphisms of Poo-algebras. But the 
converse is in general not true, so our realization space detects finer homotopical 
informations about the Poo-algebra structures on X than the one of [TB]. This 
difference is precisely measured by subspaces of Realp^{H*X) that we call local 
realization spaces, which also provide us a decomposition of Realp^{H*X) into 
more handable pieces. 

Definition 2.2. Let (p : Poo —>■ Endx be a prop morphism realizing a fixed struc¬ 
ture P —?■ Endp^x- The space of local realizations of H*X at (p is the Kan 
subcomplex of Poo{X} denoted by Poo{X}[^^ defined by 

(Poo{-^}[0])o = W ■ Poo Endxl^iX, </?)•(—•—>■ {X, (p) G Ch^°°} 

where the zigzags are of any finite length. The higher simplices are defined by the 
construction explained previously. 


Lemma 2.3. A zigzag of Poo-algebras {X,(px) ^ • 
phism of P-algebras H*X = H*Y. 


(Yjipy) induces an isomor- 


Proof. Let us consider such a zigzag (X,ipx) ^ ^ (X,ipy)- The Po, 

structure on the whole diagram is encoded by a prop morphism 


-algebra 


Prv 


End^ 


For every small category I, the cohomology defines obviously a functor H* : Ch^ —>■ 
Ch^ which associates to a functor E : I —>■ Ch^ the composite H* o E. This 
functor is symmetric monoidal, since the tensor product on diagrams is defined 
pointwise. Moreover, the category of diagrams Ch^ is a symmetric monoidal 
category over Ch^. Hence for any F G Ch^ one can form the prop morphism 
Pp : Endp —>■ Endp-p, and any prop morphism p : Poo —>■ Endp induces the 
prop morphism H*{pp op) : P —>■ Endp^p. The conclusion follows from the fact 
that the endomorphism prop of F that we consider in this proof, defined by using 
the external horn of the diagram category Ch^, is exactly the same prop as the 
endomorphism prop of diagrams in the sense of [T^] which is used to encode Poo- 
algebra structures on diagrams. We apply this argument to the particular case of 
(X,px)^>^iY,pY). □ 

Corollary 2.4. The local realization space Poo{X}[p^ is a Kan subcomplex of the 
realization space Realp^{H*X). 

We could define more generally Poo{^}[ 0 ] for any morphism p, it will be then 
the local realization space of H* {px o p) at (p. 

Now we intend to prove that moduli spaces and realization spaces decompose in 
a disjoint union of these local realization spaces. 

Lemma 2.5. Let (p,(p' : Poo —>■ Endx be two prop morphisms. We denote by 
[X, p] and [X, p'] the weak equivalence classes respectively of {X, p) and {X, p') in 
Poo-algebras. We have 

(1) Poo{X}[ 0 ] = Pcx){X}[ 0 /] or Poc,{X}[,^] P|Poo{X}[ 0 /] = 0 ; 

(2) Poo{X}[ 0 ] = Poo{X}[ 0 /] if and only if [X, p] = [X, p']. 

Proof. (1) Suppose that Poo{X}[,^] p] Poo{X}[,^/] ^ 0. Let p he & common vertex 
of Poo{X}[ 0 ] and Poo{X}[ 0 /], there exists two zigzags (X,p) ^ • P- {X,p) and 
(X,p) ef • p. (X, (/>'), hence a zigzag {X,p) -P • P- {X,p'). This zigzag implies. 
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by definition, that Poo{^}[ 0 ] and Poo{^}[ 0 ] share the same set of vertices. The 
inductive construction of Poo{-Y}[ 0 ] and Poo{^}[</>'] then implies that they share 
the same set of simplices in each dimension. 

(2) Obvious by using (1). □ 

Let us denote by M the simplicial nerve functor, J\fwCh^°° the classification 
space of Poo-algebras with respect to quasi-isomorphisms, and AfTZ^°° a version of 
the realization space in the sense of m restricted to the complex X. That is, the 
nerve of the category 72.^“ whose objects are Poo-algebras {X, (p) with underlying 
complex X such that H*{X,(j)) = H*X as P-algebras and morphisms are weak 
equivalences of Poo-algebras. We deduce from the lemma above: 

Proposition 2.6. The moduli space Poo{W} decomposes into 

II Poo{X}[^] 

[X,(p]G TToAfw C 

The realization space Realp^{H*X) decomposes into 

II Poo{X}[^] 

[X,4,]GTroN'nP<^ 

Before showing how to compute the homotopy groups of these local realization 
spaces, let us point out that in the definition of these spaces, we could have replaced 
the zigzags of quasi-isomorphisms by zigzags of acyclic fibrations. This technical 
point will be useful in the next proofs: 

Lemma 2.7. Let Pao{X}^^^ be the Kan subcomplex of the realization space defined 
by 

(Too{-^}[ 0 ])o = '■ Poo —t Endxl^iX, (X, cp) G Ch^°°} 

where the zigzags are of any finite length. We have 

P^{X}l^=Poo{X}[^y 

Proof. By construction, it is sufficient to prove that these two subcomplexes share 
the same set of vertices. The vertices of Pao{X}^^^ are included in the set of 
vertices of Poo{X}[^], so we just have to prove the converse inclusion. Let (/? be a 
vertex of Poo{X}[^]. The Poo-algebra (X, (p) is linked to (X, p) by a zigzag of weak 
equivalences of finite length. We want to prove that this zigzag can be replaced by 
a zigzag of acyclic fibrations. It is sufficient to prove it in two cases: the case of a 
direct arrow and the case of two opposite arrows. Once these two cases work, the 
method can be extended by induction to all zigzags. 

First case. Let / : (X, p) ^ (X, </>) be a weak equivalence of Poo-algebras. 
Its image under the forgetful functor admits a decomposition X -A Z(X) A X 
in cochain complexes into an acyclic cofibration followed by an acyclic fibration. 
Since X is fibrant (like any cochain complex over a field), the map i admits a section 
s : Z{X) —» X such that s o i = idx-, which is surjective and thus forms an acyclic 
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fibration. We obtain the following commutative diagram: 


We 

the 



so we can apply 


Endy(x) 



(since Poo is a cofibrant prop) which preserves (/? and (j), hence a zigzag {X, ip) «- 
Z{X) (X, (j)) of Poo-algebra implying that ip G P^{X}l^y 

Second case. Suppose that there is a zigzag of two oppposite weak equivalences 
{X,p) {X',p') {X,(p). The map of cochain complexes {g,d) : X ^ X x X 

factors through an acyclic cofibration followed by a fibration X Z{X) ^ X x X 
hence a commutative diagram 


y{x): 



Since there is a prop morphism P^, 


End 


x^xAx 


we can apply the 


ment again to obtain a lifting P^o —^ Endy(^x) E'-nd conclude that p G Po< 


2.2.2. A characterization via homotopy automorphisms. Recall from 
that Poo{W} can be identified as a homotopy fiber 


same argu- 

Section 1.3 


Poo{X} -^ diagMfwCh^®^’ 


{X}- ^ AffwChK ^ AfwChK 

This homotopy fiber restricts to a homotopy fiber 

Poo{X}l^ -- diagMfwCh^^^’lx 

{X} 


A/wCh^lx 
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where J\fwChE\x is the connected component of the cochain complex X and 

diagMfwCh^®^ |^ = diagMfwCh^^^ \(x,^) 

[XM 

is the union of the connected components diagMfwCh^^ \{x,ip) of the {X,Lp) 
ranging over the acyclic hbration classes of Poo-algebras having X as underlying 
complex. According to the previous lemma, one gets actually the homotopy fiber 

Poo{A}[^]-- diagMfwChP®^'\x . 


{A}- ^ NwCh’K\x 

The main goal of this section is to prove the following theorem: 

Theorem 2.8. Let us suppose that X is a cochain complex with the trivial differ¬ 
ential (e.g X is the cohomology of some cochain complex). Let (j): Poo —^ Endx be 
a prop morphism. There exists a commutative square 

WAutKiX) XAut^ix) Poo{X}(^^^^dtagAffwCX'^^’\x 


WAutTg_{X) - ^ AfwCh^lx 

where tt is a Kan fibration obtained by the simplicial Borel construction and the 
horizontal maps are weak equivalences of simplicial sets. 

Since tt is obtained by applying the simplicial Borel construction to a simplicial 
action of Aut^iX) (seen as a discrete group) on Poo{A}j^^p we get: 

Proposition 2.9. The strict pullback below is a homotopy pullback of simplicial 
sets: 

Poo{A}i^^j ^WAut-K{X) Poo{A}^j . 


{X} -^ WAutKiX) 

Proof. Since AutTj^{X) is a discrete simplicial group acting on Poo{A}^j, according 
to [2U] we can associate to this action an AMtK(A)-bundle of typical fiber Poo{A}^j 

defined by tt. Moreover, Poo{A}^j is a Kan complex so tt is a Kan fibration. Given 
that the model category of simplicial sets is right proper, the fiber of tt is a model 
of the homotopy fiber of tt. □ 

Proof of Theorem 2.8 

We first need to define the action of Aut^iX) on the local realization spaces: 
Lemma 2.10. The group Aut-g^{X) acts simplicially on Poo{A}^j. 
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Proof. We see Aut^iX) as a discrete simplicial group and we construct a simplicial 
action on the whole moduli space by conjugation in each simplicial dimension 

Aut^iX) X Poo{X}k —>■ Poo{X}k 

{g : X ^ X,ip : P ^ ^ Endx) ^ Pg = 97^ ° 9* ° P 

where 

ipg{m,n) : {P A^){m,n) PIom^{X®'^, X'^'^) 


The notation HorriK stands for the internal horn of cochain complexes. The map 
9 P^ o g* is a prop morphism: 

-regarding the horizontal composition products, for any/i G 
and /2 G we have 

= ((5“')®”^ 0 h 0 5®™^) ® 0 /2 o 5®™^) 

= { 97 ^ ° 9*){h) ® i.97^ ° 9*){h)-, 


-regarding the vertical composition products, for any fi G P[om^iX®'^, X'^^) 
and /2 G idoTOK(X®'"=,X®"=), we have 

{ 97 ^ o 9 lif 2 oh ) = (5-')®” 0/2 0/1 05®™ 

= (<7"')®”o/2o(5 0 5-i)®'=o/iog®™ 


= (ff-')®”o/2 0g®'=o(g-l)®'=o/i0 5 

= { 97 ^ °9*){f2)oi97^ og*){fj_). 


(gim 


The compatibility with the actions of symmetric groups is trivial since it amounts 
to permute the factors in g®™ and ( 5 “^)®"'. By construction we clearly get a group 
action, that is ipg^ogi = i‘Pgi)g 2 and ipid = tp- 

We check the compatibility of these actions defined in each simplicial dimension 
with the simplicial structure of Poo{W}. We have a commutative diagram 


Poo (g) Endx > Endx 

5. og* 


Poo (g 1 > Endx > Endx 

dii^ 5* 


so di{ipg) = di{(pg). The same argument holds for the degeneracies. 

Finally, we have to verify that this action restricts to the local realization space 
Poo{Ar}i^^j. We prove it inductively on the simplicial dimension k: since a /c-simplex 

of the moduli space Poo{Al} lies in Poo{Ar}^j if and only if all its vertices lie in 
it is sufficient to verify the restriction of the group action for k = 0. Let 
ip : Poo —>■ Endx be a vertex of Poo{Ar}^j, since 97 ^og* is a prop isomorphism there 
is a homotopy equivalence ipg ip. According to [12], this homotopy equivalence 
implies the existence of a zigzag of acyclic fibrations (not only weak equivalences) 
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between {X,ipg) and {X,ip), hence between {X,(pg) and (X, ^). Therefore ipg £ 

Poo{X}^^y 


□ 


With this well dehned simplicial group action we start the proof of Theorem 2.8. 
First we construct the commutative diagram 

WAut^iX) Poo{X}l. - ^diagMfwCh^^^'lx 


WAutKiX) 


■ AfwCh^lx 


in the following way: 


■■ -Poo O 
^=PAv.t^{X) 

{fk-h fa) 


Endx) -^ ((-^</>) {X, fk-^p)-- {X, {fk o ... o /i). 

forget 

-^ (X ... H X) 


where the left vertical map is the projection associated to the Borel construction 
and the right vertical map forgets the Poo ® A^-algebra structure. The top hor¬ 
izontal map transfers the P^o ® A^-algebra structure on X along the sequence of 
isomorphisms given by /fe,...,/o and the bottom horizontal map is just an inclu¬ 
sion. It is clear by definition of faces and degeneracies in the simplicial structures 
involved that these four maps are simplicial. 

It remains to prove that the two horizontal maps are weak equivalences. For 
the bottom arrow, it follows from the work of Dwyer-Kan [H] which identifies the 
connected components of the classification space of a model category with the clas¬ 
sifying complexes of homotopy automorphism and from the fact that Whaut{X) = 
WAutKiX). 

For the top arrow, we have a morphism of homotopy fibers 


Poo{X}f^, -- WAutKiX) XauUX) Poo{X}f^^ -- WAutKiX) 

'' ' ’ 

Poo{X}l^ -- diagJffwCh^^^’lx - ^J\fwChK\x 


which induces a morphism of long exact sequences of homotopy groups. Since the 
two external arrows of the diagram above induce isomorphisms of homotopy groups, 
we conclude that the middle one is a weak equivalence by applying the five lemma. 

Remark 2.II. (I) One can apply the same arguments to obtain similar results for 
Poo{X} and Realp^iX). 

(2) One can study for instance realization problems of diagrams of bialgebras. 
Let / be a small category, the category of /-diagrams Ch^ is equipped with the 
injective model category structure (pointwise cofibrations) and with the structure 
of a symmetric monoidal category over CHk- These two structures are compatible, 
so that Ch^ forms a monoidal model category over CHk- We can therefore define P- 
algebras and Poo-algebras in these diagrams. The cohomology induces a symmetric 
monoidal functor H* : Ch^ so for any F £ Ch^, a morphism P^o —t 
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Endp induces P —>■ H*Endx —>■ EndH*F and it is then meaningful to study 
realization problems in this setting. For instance, when J = {• ^ •} one can 
consider realizations of morphisms of P-algebras. 

2.2.3. When X has a non-zero differential. We recall from [12| that the endomor¬ 
phism prop End / of a morphism f : X ^ Y can be obtained by an explicit pullback 
in S-biobjects 

Endf - Endy 

do /* 

Endx —HomxY 

where the S-biobject HomxY is defined by HomxY{m,n) = X®"), 

and the maps /* and /* are defined respectively by f*{m,n) = — o y®™ and 
f^:(rn, n) = /®"o —. In this pullback square the maps do and di are prop morphisms. 
According to n Lemma 7.2], if / is an acyclic fibration then di is an acyclic 
fibration and do a weak equivalence. Given that every dg prop is fibrant, the zigzag 
of weak equivalences of fibrant props 

Endx "P- Endf Endy 

from the pullback above gives rise by postcomposition to a zigzag of weak equiva¬ 
lences of Kan complexes 


Poo{X} Poo{f} ^ Poo{Y}. 

In particular, when working over a field, there is a projection X —» H*X of a 
cochain complex X to its cohomology which forms a quasi-isomorphism. It implies 
that any Poo-algebra structure on H*X can be transferred to X via this acyclic 
fibration (see [121 Theorem 7.3(1)]). Then we apply the argument above to obtain 
a zigzag of weak equivalences between Pao{X} and Pao{H*X}: 

Proposition 2.12. Suppose that the moduli space Poo{P[*X} is not empty. Then 
the moduli space Pao{X} is not empty and has the same homotopy type. 

When E[*X is equipped with a P-algebra structures, it possesses at least the 
trivial Poo-algebra structure given by Poo ^ P —>■ Endp^x so the proposition 
above applies. 

The homotopy equivalence above restricts to local realization spaces: 

Proposition 2.13. Let f : {X,(f>x) -» {Y,4>y) be an acyclic fibration of Poo- 
algebras. Then there is a zigzag of morphisms Kan complexes 

Poo{A}[0^] ^ Poo{f}[4>j] -t Poo{K}[0y] 

induced by do and di, where (j)f : Poo — t Endj is the structure of Poo-algebra mor¬ 
phism of f. This zigzag induces isomorphisms between the homotopy groups for 
n > 0, based at any point homotopic to cj), and an injection of connected components 


ToPoo ^ ToPoo{A1}^,^^] . 
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Proof. Let v? be a vertex of Poo{f}[ 4 ,f]- There exists a zigzag of weak equivalences 
(/, (f) ^ (/j < 1 ^/) in I tiint is a commutative diagram 




if,v) 




Y 




Y 


This diagram induces two zigzags 

{do)*if, p) = {X,doO(p) • Pf {X, do o cj)}) = ido)*{f, cff) = {X, cfx) 

and 

{di)*{f,p) = {Y,di oip) • X. o(j)f) = {di)^{f,(j)f) = {Y,(j)Y) 

so {do)^{f,(p) e Poo{^}[ 0 x] and (di),(/,</?) S Poo{y}[ 4 ,Y]- Hence the zigzag 

P^{X} ^ Pool/} ^ Hoo{T}- 

restricts to a zigzag 

Pco{X}y^^] <— Poo{f}[cl>f] Hoo{T}[0i,]. 

Since we have 

(Too {^} (Too 1^} 5 l/^) 

for n > 0 and ip homotopic to (p, the maps (do)* and (dg)* induces isomorphisms 
of higher homotopy groups between the local realization spaces. 

Now we want to check that 7 ro(do)* is an injection and 7 ro(di)* a bijection. The 
surjectivity of 7 ro(di)* follows from the lifting diagram 


Endf 



Poo —^ Endy 


for any (p Soo {T}[ 0 y], in which the lift exists because di is an acyclic fibration 
and Poo is cofibrant. For the injectivity, we have to prove that given : 

Poo — >■ Endf G Poo{/}[ 0 j.], if di o ipf and di o are homotopic then ipf and 
(/?} are homotopic. By [401 Proposition 2.5], the componentwise tensor product 
Endy <Si Hpi(A^) (where Ap^ is Sullivan’s functor of piecewise linear forms in 
rational homotopy theory [3S]) gives a path object on Endx, so a homotopy between 
di o ipf and di o is given by a map 

H : Poo —>■ Endy ® Apl{X^). 

This map lifts to a map 


H, 


Poc 


Endf 

di^ApL{A^) 

■ Endy (gi Apl{A^) 


Indeed, acyclic flbrations of props are determined componentwise in cochain com¬ 
plexes, and the tensor product of cochain complexes preserves acyclic surjections, 
so di (g) Apl(A^) is an acyclic fibration. The lift Hf is the desired homotopy. 
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The injectivity of 7ro((io)* follows from the following argument. The homotopy 
fiber hofib^{{do)i,) of (do)* : Poo{f} ^ Poc,{X} over a point (p : Poo —>■ Endx is 
the simplicial set generated by the lifts 

Endf 



Poo y > Endx 

along the weak equivalence do- By a general homotopical algebra argument, the 
set of lifts along a weak equivalence is connected. Indeed, ii : Poo Endf 

are two lifts of p, then in the homotopy category of props E[o{V) we have 

[do] o [‘Pf] = [do o pf] = [do o p'j] = [do] o [p'^] 

where [—] stands for the homotopy class of a map, that is, its image under the 
localization functor P —> ido(P). Since do is a weak equivalence, the homotopy 
class [do] is an isomorphism in ido(P), hence 

[Pf] = [P'f]- 

This means that pf and p'j belongs to the same connected component of hofibip{{do)t:). 
Considering the exact sequence of pointed sets 

TTohofib^ddo)^) 7roPoo{/} ttqP^IX} 

induced by the homotopy fiber sequence 

hofib,p{{do)t:) —>■ Poo{/} Poo{X}, 

this implies that 7ro(do)* is injective. □ 


The zigzag 

P^{X} ^ Poo{/} ^ P^{Y} 

restricts to a zigzag between the realization spaces 

Realp^{H*X) ^ RealP^{H*f) Realp^{H*Y). 

Indeed, if 4>f realizes P[*f, then do o (j)f and dio (j)f realize respectively (fix and (fiy 
according to the following commutative diagrams: consider 


Endf 


do 


Endx 


'1 

Endn*f 


EndH*x 


and apply the cohomology functor to obtain 

H* Endf Endx 


Endp-f -^ Endp^x 
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and finally 



The same argument holds for Y. 

In particular, to understand the higher homotopy groups it is sufficient to study 
the realization space of P —>■ Endn-x in Poo —t Endn^x, and the set of equiv¬ 
alences classes of realizations Poo —t Endn^x injects into the set of equivalences 
classes of realizations Pqo —t Endx- For this, we introduce a variation of the 
realization space, denoted by Realp^{E[*X), which is a Kan complex whose ver¬ 
tices are the prop morphisms Poo Endp-x inducing the P-algebra structure 
P —>■ Endn^x in cohomology. Similarly to the realization space in Proposition 2.6, 
it admits a decomposition 

RealpJH*X) = Poo{H*X}^^y 

[ 0 ] 

By Proposition 2.13, there is an injection of connected components 
TToR^lp^iH*X) ^ TToRealp^iH*X) 
and isomorphisms of homotopy groups 

TTniRealp^ {H*X), ip) = Trn{Realp^ {E[*X), p) 

for n > 0. 

2.3. Realizations, homotopy automorphisms and obstruction theory. Our 

main result describes the connected components of local realization spaces as quo¬ 
tient of automorphisms groups and the higher homotopy groups as cohomology 
groups of a deformation complex. Moreover, for n > 2 we recover the higher ho¬ 
motopy groups of the nerve AfTZ ^°°. 

Theorem 2.14. For every 4 >: Poo —t Endp^x, there is an injection 

AutK{H*X)/Autj^^i^Ch^^^iH*X, (t>) -A 7roPoo{P*X}[0] 

in the local realization space Poo{H*X'jyp^ of H*X at (j), and the higher homotopy 
groups are given by 

Tri{Poo{H*X}[^],(l)) ^ fcer(7ri(7r)) 

= xoRealp^{id(^H*x,4,)) 

= H°Der^{Poo,EndH*x) 

and for n >2, 

^ {{H*X, 4>), {H*X, </>)), id) 

= H^~"-Der^{Poo,EndH*x) 
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where is the hammock localization functor constructed in [7] . 

Let us just recall briefly that for any Poo-algebra {X, (p), the hammocks of weight 
k and length n, which define the fc-simplices of the simplicial monoid L^wCh^°° {{X, ip), {X, p)) 
consist in the data of fc — 1 chains of morphisms of length n 

X ^ % X, 


X {^•...•^Sx 

organized in a commutative diagram (a “hammock") 



- .. - ... .. - 



where vertical arrows and arrows going from right to left are weak equivalences. The 
simplicial monoid L^wCh^ ((X, p), (X, p)) encodes the homotopy automorphisms 
of {X, p). When P is an operad, then the Poo-algebras form a model category and 
we recover the usual simplicial monoid of self weak equivalences haut{X, p). 

Corollary 2.15. There is an injection 


Aut^{H*X)/Autjj^^^^P,^^{H*X, 4,) -A 7roRealp^iH*X). 
For n > 1, the homotopy group of Realp^{H*X) is given by 


7r„(Pea/p^(P*X),0) = Trn{Realp^{H*X), 4) 

= 7r^{P^{H*X}^,4) 

= 7Tn{Poo{H*X}[^],4) 

= H^~'^Der^{Poo,EndH-x) 


where Poc{H*X}^ is the connected component of 4 in Pao{H*X}. 

Remark 2.16. The long exact sequence associated to Poo{P*X} tells us that there 
is an injection of tti{Poo{H*X}, 4) into 

TTi(WL^wCh^^{{H*X,4),{H*X,4)),id) ^ TToL^wCh^^{{H*X,4),{H*X,4)) 

= X, 4) 

and that if Aut{H*X) = {id}, then this injection is an isomorphism. 

Proof. There is a long exact sequence 

^ nn+i{WAutK{H*X),id) 7r„(Poo{P*X}^^j, (^) 

^7rn{WAutKiH*X) XAut^^p,x)Poo{H*X}l^^,iid,4)) Tr„(WAutKiH*X),td)... 
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Given that AutE.{H*X) is a discrete group, the higher homotopy groups of its 
classifying complex are 

TTiWAutK{H*X) ^ AutK{H*X) 


and 

TTjVAutK{H*X) = 0 

otherwise. Consequently, the group 7ri(Poo{-^}[0],(Z*) is nothing but fcer(7ri(7r)), 
which in turn corresponds to T^QRealp^{id(H*x, 4 ,))- 
For n > 2, 




7rr,{WAut^{H*X) XAut^{H*X) Poo{i^*X}f^,,(^d,<Z.)) 

\h-x, {H*X, </.)) 

7Tr,{diagMfwCh^-^^'\^H>x,^),{H*X, </>)) 
TrniAfwCh^°°\ h-x, {H*X, </>)) 

TTniWL^wCh^- {{H*X, (/.), {H*X, 0)), id) 


where the first line is a consequence of the long exact sequence, the second line 
follows from the comparison of fiber sequences of Theorem 2.8, the fourth line 
follows from [3S], and the fifth line is a result of Dwyer-Kan [S]. Recall that for 
any simplicial monoid G, the complex bFG is a delooping of G, that is, we have 
ideWG = G where fleC—) is the loop space pointed at the neutral element e. We 
deduce that 

7r„+i(WG, e) = 7r„(ffebbG, e) = 7r„(G, e), 

hence 


TTr^iWL^wGh^- {{H*X, (/)), iH*X, (ji)), id) ^ TTn-iiL^wCh^- {{H*X, </.), iH*X, </>)), id). 
We also get 

7r,iWAut^iH*X) ^AutK(H*X) Pqo 
^ xi^WL^wGh^^ {{H*X, (/>), {H*X, (ji)), id) 

^ 7ro{L^wChP-{{H*X,^),{H*X,cji))) 

= Autjj^f^^f^p^.^{H*X,(j)) 

by equivalence of fiber sequences. The image of 7ri(7r) in AutK{H*X) is the 
subgroup of graded automorphisms which can be realized as a zigzag of quasi¬ 
isomorphisms {H*X^(j)) -pf • ^4- {H*X^(j)) in Gh^°°. For convenience, we will de¬ 
note the quotient Aut^{H*X)/Im{'Ki{'K)) by Autm.{H*X)/Aut^^i^Q^p^.^{H*X,(j)). 

For n = 0, the boundary 

ai : Tri(WAut^{H*X)) = Aut^{H*X) ^ 
gives the desired injection 

Aut^{H*X)IAut^^^^^P^^{H*X, ct>) -A 7roPoo{W}[,^]. 

To conclude, the identification of higher homotopy groups with the cohomology 
of deformation complexes follows from uni Corollary 2.18]. Although this result 
is originally stated for properads, its extension to props is straightforward by us¬ 
ing the deformation complexes of algebras over props introduced in [55]. Indeed, 
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such deformation complexes possess a filtered Loo-algebra structure to which the 
arguments of the proof of uni Theorem 2.7] apply as well. □ 


A crucial question in deformation theory is to know how to relate the Poo- 
algebra homotopy automorphisms of X with the strict P-algebra automorphisms 
of its cohomology H*X. For this, we define a map 

L^wCh^°°{X,X)Q Autp{H*X) 


h X 


which sends any zigzag 

on the composite i7*/„ o... o H* f 2 o (P*/i)“^ where every arrow going to the left is 
reversed by taking its inverse (since it is an isomorphism). We check that this map 
factors through homotopy classes of vertices. It is sufficient to verify it for zigzag 
of length two, since the argument in any length is the same. Let X ^ X and 


A 


X be two such zigzags. Suppose there is a homotopy 





relating these two vertices. Applying the cohomology functor H*{—) to this dia¬ 
gram, we obtain H*fo = H*fi o H*h and H*go = H*gi o h, hence 

H*goo{H*fo)-^ = H*gioH*ho{H*h)-^o{H*fi)-^ 

= H*g,o{H*h)-\ 

This allows us to define a map at the level of connected components 

iP : 7ToL^wCh^-{X,X) = ^ AutHoiCh-){H*X). 

Questions. 

(1) Is this map injective, surjective ? 

(2) How to compute ? 

Remark 2.17. If the differential of X is zero, then this map is surjective. Indeed, 
if we consider (A, </>) € Ch£, and (A, (/?) S then the following diagram 

commutes: 



where tt is the canonical projection of the endomorphism prop of a diagram onto 
the endomorphism prop of a subdiagram, which in this case is an isomorphism with 
inverse s. 


There is no well defined obstruction theory for algebras over a general prop. It is 
thus difficult to get explicit obstruction groups for the connectedness of ttoA/’TT.^” , 
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and to know if H* is injective. We can however simplify the computation of con¬ 
nected components of the local realization space of the trivial Poo-algebra structure 
(which are already non trivial), a result which will be useful in Section 5: 

Lemma 2.18. Let P be a prop, and X a cochain complex such that H*X forms 
a P-algehra. Let </> : Poo —>■ P —>■ EndH*x be the trivial Poo-algebra structure on 
H*X induced by its P-algebra structure. We have 

Aut^{H*X)/Autp{H*X) ^ AutK{H*X)/Autj^^^ch^„^^(H*X) ^ 7roPoo{P*X}[^]. 

Proof. We already know that 7roPoo{P*-^}[0] = Autm.{H*X)/AutX). 
We also know that H* : Autjj^f^^y^p,,^.^{H*X) —>■ Autp{H*X) is surjective. It 

remains to prove that H* is injective. Let H*X Zq ^ H*X and H*X 
Zi % H*X be two vertices of L^wCh^°°{X,X) such that H*gi o {H*fi)~^ = 
H*go o {H*fo)~^ in Autp{H*X). We get the commutative diagrams 


H*X ^— Z, — H*X 



PZi 

H* fi 

k -IX , TT^ 

ry ^ 7 - 7 -, 


T TT* f t t 

H*X H*Z, H*X 


for i = 0,1 in C/ik where pz^ is the projection, which forms here an acyclic fibration 
of cochain complexes. The map fi is a morphism of Poo-algebras for H*X equipped 
with (j), and H* fi an isomorphism of P-algebras thus an isomorphism of Poo-algebras 
for H*X and H*Zi equipped with the trivial Poo-algebra structures. If we denote 
by [—] the homotopy class of a zigzag in L^wCh^°° (X, X), we get 

[H*X Zo 4 H*X] = [H*X H*Zo H*X] 

= [H*X H*Zi ^4^ H*X] 

= [H*X Zo ^ H*X], 

using that the equality H*gi o {H*fi)~^ = H*go o (P*/o)“^ implies the existence 
of a commutative diagram 



where the middle vertical map is defined by (P*/i) ^oH* fg = (H*gi) ^oH*gQ. □ 


3. The operadic case 

Operads are used to parameterize various kind of algebraic structures. Funda¬ 
mental examples of operads include the operad As encoding associative algebras, 
the operad Com of commutative algebras, the operad Lie of Lie algebras and the 
operad Pois of Poisson algebras. There exists several equivalent approaches for 
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the definition of an algebra over an operad, for which we refer the reader to m- 
Differential graded algebras over operads satisfy good homotopical properties: 

Theorem 3.1. (see m) Let P be a dg operad over a field K of characteristic zero. 
The category of dg P-algebras Ch^ inherits a cofibrantly generated model category 
structure such that a morphism f of P-algebras is 

(i) a weak equivalence if the underlying chain morphism is a quasi-isomorphism; 

(ii) a fibration if it is degreewise injective; 

(iii) a cofibration if it has the left lifting property with respect to acyclic fibrations. 

The model category structure allows one to express the internal symmetries 
of the objects as homotopy automorphisms. In a model category M, the homo- 
topy automorphisms of an object X is the simplicial sub-monoid haut(X‘^^) C 
Map{X'^^,X‘^^) of invertible connected components, where X^^ is a cofibrant- 
fibrant resolution of X, i.e 

haut{X‘=f)= Map{X‘=f,X‘=f)^ 

where the (j) G [X, are the automorphisms in the homotopy category of 

M and Map{X‘^^, the connected component of </> in the standard homotopy 

mapping space. 

In this setting, we define a map 

H* : -Kohautp^iXoo) ^ Autp{H*X^) = Autp{H*X) 

where X^^ ^ X is a cofibrant resolution of X in the category of Poo-algebras (recall 
that all algebras are fibrant in cochain complexes over a field). According to pOl 
Theorem 2.7, Theorem 3.5], we know that obstructions to be injective or surjective 
lie in the T-cohomology groups of H*X as a P-algebra: 

(1) if HT^p{PI*X, P{*X) = 0, then H* is injective; 

(2) if Hrp{H*X,H*X) = 0, then H* is surjective and TTQj\fTZ^°° {H*X) = *, in 
particular ttoA/’P^” = +. 

Remark 3.2. If P is a E-cofibrant operad, A a P-algebra and M a Pp(A)-module 
(that is, a module over the enveloping algebra of A), then HT*p[A, M) = Hp{A, M) 
is the usual operadic cohomology. When K is a field of characteristic zero, all 
operads are S-cofibrant. 

Theorem 3.3. Let P be a H-cofibrant graded operad with a trivial differential. Let 
H*X be a P-algebra such that HT°p{H*X,H*X) = HT\,{H*X,H*X) = 0. Then 
there is an injection 


AutK{H*X)/Autp{H*X) -A TToRealp^{H*X) 
and an isomorphism 

Tri{Realp^{H*X),j>) = {id;H*x,<;>)}, 

where {*d(Lr*A, 0 )} the trivial group with a unique element, the homotopy class 
of the identity map of (H* X, cf) (the realizations of the identity are all homotopic 
according to |20j ). For n > 2 we have 

^ 7r„(ArP^”,(P*A,<^)) 

= TTn-i{hautp^{Hoc),id) 

^ HTfX{H*X,H*X). 


T„(Pea/p^(P*A),,^) 
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where Hoc is a cofibrant resolution of H*X in Poc-algebras. 

Note that the homotopy groups of Poo{H*X}, hence of Pac{X} by Proposition 
2 .12, are the same for n > 1. 

To conclude this section, we would like to emphasize a nice interpretation of the 
realization space Realp^{H*X). According to [IHl Theorem 5.2.1], left homotopies 
between two morphisms ipo,4>i : Poo —t Endx corresponds to oo-isotopies between 
the two Poo-algebras (A, (/)o) and (A, (/)i), that is, oo-morphisms of Poo-algebras 
which reduce to the identity on A. Since the source of the morphisms (po and pi 
is cofibrant and their target is fibrant, left homotopies between such maps are in 
bijection with right homotopies. The right homotopies are, in turn, the 1-simplices 
of our realization space Realp^{H*X). We conclude: 

Proposition 3.4. The Kan complex Realp^{H*X) parameterizes Poo-algebras 
with underlying eomplex X realizing the P-algehra structure of H*X and their oo- 
isotopies. 

4. Extending algebraic structures: relative realization spaces 

Let O —?> P be a morphism of props, and suppose that H*X is equipped with 
a P-algebra structure P — Endp^x- It induces an O-algebra structure O 
P Endp^x- We fix a Ooo-algebra structure on A which realizes this O-algebra 
structure on H*. Then a natural question is to determine the realizations Poo —t 
Endx of the P-algebra structure of H*X which extend this Ooo-algebra structure 
on A. Interesting examples are realizations of the Poincare duality on the cochains 
of a manifold which extend the Poo-algebra structure defined by the higher cup 
products (which defines the Wu classes, representing the Steenrod squares on the 
cohomology). 

The existence of a map O ^ P implies the existence of a map Ooo —t Poo- When 
such a map forms a cofibration, m Theorem A] holds in the relative case: 

Theorem 4.1. LetC be a cofibrantly generated symmetric monoidal model category 
satisfying the monoid limit axioms (see section 6 of [12] j. Let i : Ooo ^ Poo be a 
cofibration of cofibrant props in C. If {X,tfQ) —>■ {Y,(Pq) is a weak equivalence of 
Ooo-algebras such that X,Y € (fibrant-cofibrant objects of C) and Y is equipped 

with a Poo-algebra structure satisfying oi = ipQ, then there exists a zigzag 
of two opposite acyclic fibrations of Poo-algebras 

(X,ip^) (Y,(fi]() 

such that (fip o i = ipQ . 

Proof. We just have to verify that the proof of [m Theorem A] can be transposed 
in the comma category (P f Ooo), where P is the category of props equipped with 
the semi-model category structure defined in m- Comma categories inherit the 
cofibrantly generated model category structure (see m), and this result extends 
readily to the case of semi-model categories. Hence (P f Ooo) forms a cofibrantly 
generated semi-model category. Now, let Poo S (P 4- Ooo) such that i : Ooo Poo 
is a cofibration, then by definition of cofibrations and initial morphisms in comma 
categories, the prop Poo is cofibrant in (P f Ooo)- The existence of ipQ and ipQ 
ensures that Endx, Endy S (P 4- Ooo), and the condition oi = pq ensures that 
is a morphism of (P 4- Ooo)- Now all the necessary conditions are satisfied and 
one applies exactly the same arguments as in [T^]. □ 
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Now let i : Ooo Poo be any fixed prop morphism, we do not suppose that 
z is a cofibration anymore. Let X be a cochain complex, and suppose that X 
possesses a Ooo-algebra structure given by a morphism ip : Ooo Endx- Recall 
that the extensions of this Ooo-algebra structure into Poo-algebra structures are 
parametrized by the homotopy fiber 

Poo{X,l/>} ^ Poo{X} 4 Ooo{X}, 

where i* is the map induced by precomposing with i and the fiber is taken over 

the base point tp. The map i admits a factorization Ooo ^ Poo — Poo into a 
cofibration i followed by an acyclic fibration p. We know that i induces a map 
of simplicial sets i* : Poo{X} Ooo{X} which factors through Poo{X} — 

Poo{X} -» Ooo{X}, and that there is a homotopy equivalence 

Poo{X,i,} = hofib{i*) o. fibii*) 

so that the homotopy type of the relative moduli space Poo{X, ip} is given by the 
strict fiber of the Kan fibration i*. Let us also note that, according to 137], the map 
p induces a weak equivalence 

Afp* : . 

The main purpose of this section is to prove the following results, which are 
adaptations to the relative case of the results obtained in the previous sections: 

Theorem 4.2. Let X be a dg Ooo-algebra. Then the commutative square 

Poo{X,iP} - ^AfwCh^- 

Afi* 

S' ' ’ 

{X}- 

is a homotopy pullback of simplicial sets. 

Theorem 4.3. Let us suppose that X is a graded Ooo-algebra with a trivial differ¬ 
ential (e.g X is the cohomology of some cochain complex). Let p be a Poo-algebra 
structure on X extending its Ooo-algebra structure. There exists a commutative 
square 


WL^wCh^-{X,X) p^{x,ip}l^^^^diagMfwCh^^^’\x 


TT 


diagAJ’{i^A*)* 


WL^wCh^°° (X, X)-^ AfwCh^°°\x 

where tt is a Kan fibration obtained by the simplicial Borel construction and the 
horizontal maps are weak equivalences of simplicial sets. 

Corollary 4.4. There is an injection 

^ T^oPoc{X,1p}[^] 
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Here 


is seen as the subgroup of automorphisms of 


which realizes as automorphisms of X in the category of Poo-algebras. The higher 
homotopy groups are more difficult to compute in the relative case, since a priori 
the TTnWL^wCh^°° {X) are non zero for n > 2. However, [UTl Corollary 2.18] 
provides a cohomological interpretation of the long exact sequence. 


Proof of Theorem ^.2. We have a commutative diagram 

holim - ^ diagNfwCh^®^ — diagAfwCh^°°^^ — AfwCh^°° . 

Afi* 

pt - ^ diagNf'wCh^°°®^ - ^ diagMwCh^°°^^ -< - MwCh^°° 

We want to prove that holim (the homotopy pullback of the left hand commutative 
square) has the homotopy type of Poo{^,'0}[0]. For this, we will prove that holim 
has the homotopy of fib{i*), the hber of i*. We follow arguments similar to those 
of Rezk in [Mj . 

We recall the variant of Quillen’s Theorem B used in m- Let M* be a simplicial 
category, N a category and tt : M* —>■ cs,N a simplicial functor where cs,N is the 
constant simplicial category over N. Then the commutative square 

diagM{n f X) -^ diagNM* 

diag-K 

Af{N i X) -^ AfN 


is a homotopy pullback if each diagN{'K X) ^ diagN{'K f X') induced by a 
morphism X —)■ X' of iV is a weak equivalence. Here we consider the functor 

TT : fwCh^®^ —>■ cs,fwCh^°° cs,fwCh^°° 

induced by 

Poo= Poo ® A° -A Poo ® A*. 

Recall that we consider a cosimplicial frame (—) 0 A* on Poo, which is sufficient to 
get a cosimplicial resolution of Poo since Poo is cofibrant (see [m Chapter 16]). We 
note A/’(7r f A),^, in order to distinguish between the two simplicial degrees, the first 
• being the simplicial dimension of the nerve and the second • being the simplicial 
dimension of the simplicial category (tt X). The key point is to establish, for 
every s, the homotopy equivalence 

A/'(7r ; A),,. - H p^{Y,Z 

YsZ...2lYo^XefwCh°^ 

where V’{Fi} is tbe Ooo-algebra structure on the sequence of arrows Ys ^ ... -» Tb- 
Once this homotopy equivalence holds, the remaining part of the proof is exactly 
















REALIZATION SPACES OF ALGEBRAIC STRUCTURES ON COCHAINS 


30 


the argument of the proof of m- We have 

A/’(7r 4 , = {7r(ys)7r(io) —^ 

= {'^(^s ^ Yq) X G f wCh ^°°, Yq € (MfwCh-^^ )s,»} 

= fib{Poc{Ys —» ... —» Yq} —» Ooo{Ys —» ... —» Yg}) 

Ys^...XYo^XefwCh°'=° 

~ y Poo{Ys ^ YQ.tjj^Yi}} 

YsZ...ZYo^X€fwCh°°° 


where, in the third line, the basepoint of each Ooo{hl, -» ... —» Yg} is given by the 
Y^s ^ ... -» Fg G fwCh^°° indexing the coproduct. □ 


The homotopy fiber 

P^{X, i;} -- diagMfwCh^-<^^' 


{F}-^ diagMfwCh^°°®^’ ~ MwCh^’-‘ 

restricts to a homotopy fiber 

P^{X, -- diagMfwCh^^^'\x , 

{X, Ip} -^ A/'wC'/ik“ |(A,v-) 

where JVwCh^°°\(^x,ip) is the connected component of the Ooo-algebra (F,- 0 ), and 
diagMfwCh^^^’lx = U dtagMfwCh^®^'\^x,^-, 

[XM 

is the union of the connected components diagJVfwCh^®^ \{x,ip) of the {X,Lp) 
ranging over the acyclic fibration classes of Poo-algebras having X as underlying 
complex, and such that there exists a zigzag (X, o i) -P • ^4- (X, ip) of weak 
equivalences of Ooo-algebras. The Kan subcomplex Pao{X,ip}[^] of Poo{X,ip} is 
defined in the same way as in the non relative setting, by requiring moreover that 
the Poo-algebra structures on X extend ip. Actually one can see that it is also 
given by the homotopy fiber of the map Poo{X}[ 0 ] Ooo{X}[^] induced by i. 

Let us note that we use here the identification of Poo{X, with Poo{X, 
(definition analogous to the non relative case), which follows from a relative version 
of Lemma 2.7 obtained by applying the lifting arguments of the proof of Lemma 
2.7 in the comma category (P 4 , Ooo)- 
Now let us prove Theorem 4.3: 

Proof of Theorem 4.3. Recall that the hammocks of weight k and length n, which 
define the fc-simplices of the simplicial monoid L^wCh^°° {X, X), consist in the 










REALIZATION SPACES OF ALGEBRAIC STRUCTURES ON COCHAINS 


31 


data of fc — 1 chains of morphisms of length n 

X ^ X, 

X % X 

organized in a commutative diagram (a “hammock") 



-.. -... ..-^X 



We define a simplicial action of the simplicial monoid L^wCh^°° (X, X) on the 
moduli space Poo{X,ip} in each simplicial dimension by a map 

L^wCh^^iX,X)k X P^{X,^}k ^ Poo{X,V-}fc 

f}- jn 

which associates to any pair ({X ^ •...• A X}i<i<„,(p : Poo <8) ^ Endx) 

the map jn) defined by the conjugation action of P*(/o,..., /q ) on (f) like 

in Lemma 2.10, with iL*(/g,the composite of the homologies of each /g 
going in the right direction and the inverse of the homologies of the each /g going 
in the left direction. We have already seen that such a map gives a well defined 
monoid action. Moreover, this conjugation action is compatible with the faces 
and degeneracies of (P, 0)oo{Ar}, and the fact that ..., /") = ..., /”) 

for every 1 < f, j < n (by commutativity of the hammock diagram) implies the 
compatibility of this action with the faces of hammocks (vertical contraction of two 
chains) and their degeneracies (vertical insertion of identity maps). 

We thus obtain a simplicial action of L^wCh^°° (X, X) on Poo{X, -0}. It remains 
to prove that this action restrict to Poo{X,ip}[^-^. By the inductive construction of 
the simplices of the local realization space, it is sufficient to prove it for the vertices. 
We apply exactly the same argument as in the proof of Lemma 2.10. 

We finally get a Kan hbration 

TT : WL^wCh^-{X,i:) (^^, 0)oo{X}[^] - (X, 0) 

with fiber (P, O)oo{X}[ 0 ]. We then construct a commutative square analogous to 
the square in the proof of Theorem 2.8. The only modihcation is to apply H*{—) in 
the definition of the upper horizontal arrow before transferring the Poo (8 A^-algebra 
structure along the chain of isomorphisms. The lower horizontal arrow is a weak 
equivalence according to the work of Dwyer-Kan [H] , and for the upper one we use 
the hve lemma. □ 

The proof of Corollary 4.4 is the same as in the non relative case: 

Proof. We use the long exact sequence associated to tt to get an injection 
di : TriWL^wCh^°°iX,'ip)/Im{TTi{TT)) ^ 7rgPoo{X, 0 }[ 0 ]. 
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The isomorphisms 

TTiWL^wCh^’^iX) ^ TToL^wCh^’^iX) 

and 

MWL^wCh^'-iX,,p) L^wCh^°° (X,ip) Poo{X, '4’}[4>]t {"id, (p)) 

^ TTiWL^wCh^°° {X) 

(which follows from the equivalence of fiber sequences) allow us to conclude. □ 

Example 4.5. When Autjj^^^y^o,^-^{X) = Auto{X) (e.g for the trivial Ooo-algebra 

structure) and Autp{X) = Auto{X), then 7roPoo{-^,'*/'}[</>] = *• We will see an 
important example of this condition with the realization of Poincare duality up to 
a fixed rational homotopy type. 

In the operadic case, we can compare by applying the obstructions criteria of 
m- A typical situation is when O is an operad which embeds into a larger algebraic 
structure encoded by a prop P. When HTq{X,X) = 0 and Auto(X) = Autp{X), 
then 7roPoo{-^,'*/'}[0] = *■ 

5. Realization of Poincare Duality on cochains 

Poincare duality can be realized at the level of cochains in a Frobenius algebra 
up to homotopy, i.e a homotopy Frobenius algebra, which is expected to contain in 
its higher operations some information of geometrical nature when one considers 
an oriented compact manifold. However, no one knows how many structures (up 
to homotopy) exist on the cochains, e.g. if there are non equivalent realizations of 
Poincare duality. In particular, how many structures extend the usual Eao structure 
on cochains which fixes the rational homotopy type. We provide here concrete 
computations of connected components of realizations spaces for a broad range of 
examples of formal manifolds in the sense of rational homotopy theory . 

5.1. Frobenius algebras and their variants. We recall some definitions of dg 
Frobenius algebras and bialgebras, and point out how one can pass from algebras to 
bialgebras. We are particulary interested in special symmetric Frobenius algebras, 
which naturally appear on the cohomology of Poincare duality spaces, and play 
also a key role in the construction of the algebraic counterpart of conformal held 
theories (in the appropriate tensor category, see M)- 

Definition 5.1. (1) A (differential graded) Frobenius algebra is a unitary dg as¬ 
sociative algebra of hnite dimension A endowed with a non-degenerate bilinear 
form < .,. >: A 0 A —>■ K which is invariant with respect to the product, i.e 
< xy, z >=< X, yz >. Equivalently, a Frobenius algebra is a unitary dg associative 
algebra of hnite dimension A with product /i, equipped moreover with a linear form 
e : A —>■ K such that e o /i is a non-degenerate bilinear form. 

(2) A Frobenius algebra A is symmetric if this bilinear form is symmetric. 

(3) A Frobenius algebra is commutative if its product is commutative. 
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Let US note that a commutative Frobenius algebra is symmetric, but the con¬ 
verse is not true. A topological instance of symmetric Frobenius algebra is the 
cohomology ring (over a field) of a Poincare duality space. There is also a notion 
of Frobenius bialgebra: 

Definition 5.2. (1) A differential graded Frobenius bialgebra of degree m is a 
triple such that: 

(1) {B, fi) is a dg associative algebra; 

(ii) {B, A) is a dg coassociative coalgebra with deg{A) = m; 

(hi) the map A : B ^ B(^B is a. morphism of left B-module and right i?-module, 
i.e in Sweedler’s notations we get the equalities 

^ (x.|/)(i) (8> (a;.?/)(2) = X! ® ^(2) 

(x-y) iy) 

(x) 

called the Frobenius relations. 

(2) A Frobenius bialgebra is commutative if the product is commutative, and 
cocommutative if the coproduct is cocommutative. 

(3) A Frobenius bialgebra is symmetric if it is counitary, and the composite of 
the product with the counit is a symmetric bilinear form. 

Now we give a presentation of the properad parameterizing such structures in 
terms of directed graphs with a flow going from the top to the bottom. The properad 
Frob^ of Frobenius bialgebras of degree m is generated by an operation of arity 
(2,1) and of degree 0 

and an operation of arity (1,2) and of degree m 


which are invariant under the action of S 2 - K is quotiented by the ideal generated 
by the following relations: 

Associativity and coassociativity 


and 




Frobenius relations 




and 
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In the unitary and counitary case, one adds a generator for the unit, a generator 
for the counit and the necessary compatibility relations with the product and the 
coproduct. We note the corresponding properad ucFroV^. We refer the reader to 
[53] for a detailed survey about the role of these operations and relations in the 
classification of two-dimensional topological quantum field theories. 

Definitions 5.1 and 5.2 are strongly related. Indeed, if A is a Frobenius algebra, 
then the pairing < .,. > induces an isomorphism of A-modules A = A*, hence a 
map 

A : A A- A* {A(g) A)* ^ A* (8) A* ^ A'^ A 

which equips A with a structure of Frobenius bialgebra. Conversely, one can prove 
that every unitary counitary Frobenius bialgebra gives rise to a Frobenius algebra, 
which are finally two equivalent notions. Let B he a unitary counitary Frobenius 

bialgebra, with a product Y, a coproduct /k, a unit T and a counit ^ . The 

Y 

composite is a bilinear form, invariant with respect to the product by associa¬ 
tivity: 


Let us draw the Frobenius relation: 




The composite A defines a copairing, which is actually the dual copairing of * 
according to Frobenius relation. In particular, this bilinear form is non-degenerate 
and we finally obtain the desired Frobenius algebra structure. We refer the reader 
to [53] for a detailed survey about the role of these operations and relations in the 
classification of two-dimensional topological quantum field theories. 

Remark 5.3. Another way to encode Frobenius algebras is to define them as algebras 
over the commutative cyclic operad. However, there is no known model category 
structure on dg cyclic operads (and explicit constructions of resolutions), so the 
equivalent properadic notion of unitary counitary Frobenius bialgebra is preferable 
for our purposes. 

Finally let us define a particular sort of Frobenius algebras: 

Definition 5.4. A special Frobenius algebra is a unitary and counitary Frobenius 
bialgebra (i?,^,77,e), where rj denotes the unit and e the counit, such that eor] = 
Xo-idE. and /r o A = Xi.ids for fixed Aq, Ai S K. In terms of graphs it gives 

Ao 


and 



It is said to be normalized when Aq = dim(B) and Ai = 1. 


We denote by sFrob the properad encoding special Frobenius bialgebras. 
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Example 5.5. Let M be an oriented connected closed manifold of dimension n. 
Let [M] G = H^(M;K) = K be the fundamental class of [M\. Then the 

cohomology ring H* [M ; K) of M inherits a structure of commutative and cocom- 
mutative Frobenius bialgebra of degree n with the following data: 

(1) the product is the cup product 

X ®y i-A xG\y 

(ii) the unit 77 : K —>■ H^M = HnM sends Ik to the fundamental class [M]; 

(iii) the non-degenerate pairing is given by the Poincare duality: 

P : H'^M <g) -G K 

x^y i-A < xUy, [M] > 

i.e the evaluation of the cup product on the fundamental class; 

(iv) the coproduct A = (/i 0 id) o (id 0 7 ) where 

7:K^ 0 H'^M 0 H^M 

k-\-l—n 

is the dual copairing of /3, which exists since /3 is non-degenerate; 

(v) the counit e =< [M] >: H^M -G IK i.e the evaluation on the fundamental 

class. 

The proposition below sums up classical properties of symmetric Frobenius bial¬ 
gebras: 

Proposition 5.6. (1) A Frobenius algebra is symmetric and finite dimensional. 

(2) A counitary Frobenius bialgebra is a Frobenius algebra, in particular it is 
finite dimensional. 

(3) A symmetric Frobenius hialgehra which is commutative is also cocommuta- 
tive. 

(4) For every element z of a symmetric Frobenius bialgebra A, the element 

S(z) lies in the center of A. 

5.2. Computations of connected components. Special symmetric Frobenius 
bialgebras satisfy a strong rigidity property given by the following result of [T^ : 

Theorem 5.7. (]T31 Theorem 3.6]^ If an algebra A can be endowed with a special 
symmetric Frobenius hialgehra structure, then this structure is the unique structure 
extending the algebra structure, up to normalization of the counit. 

This result is available in a wide range of tensor categories, in particular cochain 
complexes over a field. Let us denote by sFrob the properad encoding special com¬ 
mutative and cocommutative Frobenius bialgebras (which are in particular sym¬ 
metric). Let us suppose that H*X is a commutative algebra induced by a homo- 
topy commutative structure tp ■ Comoa Endx (for instance, the one induced 
by higher cup products on the singular cohomology of a topological space). We 
define the relative realization space RealsFroba^{H*X,'ip} as the Kan subcomplex 
of RealsFrob„^{H*X} defined by the realizations of the special Frobenius algebra 
structure on H*X which extend ip. 
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Corollary 5.8. If there exists sFrob —>■ Endn^x extending the commutative struc¬ 
ture of H*X, then 

sFrobaoiX^-ilj} = RealsFrob^iH*X, tp}. 

These algebras are used in conformal field theory. An important example is 
provided by Poincare duality: 

Lemma 5.9. Let M be a compact oriented manifold. Then H*{M;'K.) is a special 
symmetric Frobenius bialgebra. 

Proof. We know that (e o r]){lM.) = Ik by definition, since e sends 1 on the fun¬ 
damental class [M] of M, and rj sends the fundamental class of M on 1. Hence 
eo rj = ic?K- Let (i : F[*M (g) FI* M ^ K be the non degenerate bilinear form asso¬ 
ciated to Poincare duality and 7 be its dual copairing. We know by construction 
that 

7o/3 = eo/iAo ?7 = xiM).idK, 

where x(M) is the Euler characteristic of M. Since e sends [M] on 1, we get 

/rA o 7 = (x(M).zdK)-[M], 

in particular (/iA o ? 7 )( 1 ) = x(-^)-[-^] (using also the fact that /iA o rj sends K in 
F[^{M)). Now, using the fact that A = (/r 0 id) o [id 0 7 ), we get 

pLoA = /i o (/i 0 id) o (id 0 7) 

= ^ o (id 0 (^ o 7)) 

= (id0 (x(M).idK).[M]) 

= {xiM).[M]).IdH*M 
= x{M).IdH*M- 

The first line is by construction of A, the second line follows from the associativity 
of p, and the last line because [M] is the unit for the product. Moreover, since 
H*M is commutative and cocommutative, it is in particular symmetric. □ 


We will also need the following rigidity result about automorphisms of special 
Frobenius bialgebras: 

Lemma 5.10. (see M) Let A be a special symmetric Frobenius bialgebra. A 
morphism in End[A) is an algebra automorphism if and only if it is a coalgebra 
automorphism. 

Maps between Frobenius bialgebras which are simultaneously morphisms of al¬ 
gebras and morphisms of coalgebras are exactly the morphisms of sFrod-algebras, 
thus automorphisms of a symmetric special Frobenius bialgebra are exactly its au¬ 
tomorphisms as a unitary commutative algebra. Now we use: 


Lemma 5.11. Every algebra automorphism of a unitary algebra preserves the unit. 

Proof. Let : A —> A be such an automorphism. We have, for every a: € A, 
g}[x) = {p[\A.x) = ip[\a)'p[x). Since g) is bijective, for every x & A there exists 
t S A such that x = <p[t), so 

(P[1a)x = (p[lA)T[t) = (p[lA-t) = (p[t) = X, 


in particular 


<p[Ia) = V5(1a)Aa = 1a- 


□ 
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We deduce: 

Lemma 5.12. For every special symmetric Frobenius bialgebra A, we have 
AV/tsFrohi^-Ai) = AutuCom(^A^ = Aut(Jom{A^. 

Hence 

Proposition 5.13. We have 

AutK{H*X)/Autcom{H*X) -A TrosFrob^{H*X}[^] 

where </> is the trivial sFroboo-structure sFroboo ^ sFrob —>■ Endn-x- 

To put these observations into words, we proved that we can compute a subset of 
connected components of the local realization space of Poincare duality on cochains, 
around the trivial homotopy structure, as a quotient of its graded vector space 
automorphisms by its commutative algebra automorphisms. We use this result to 
do computations for some examples of manifolds. 

Example 5.14. The cohomology ring of the n-sphere S'" is i?*S" = Q[a:]/(a;^). A 
basis is given by l,x, so 

AutQ{H*S^)^Q* ®Q*. 

To determine an automorphism preserving the commutative structure, we just have 
to fix a non zero value on x, so 

AutcomiH*Sn^Q*. 

We deduce that 

q* ^TrosFrob^{H*X}[^]. 

Example 5.15. The cohomology ring of the complex projective space CP" is 
H*qpn _ Q[a;]/(x"''"^). A basis is given by [CP"], x, x^,..., x", so 

Aut(i{H*CP^) ^ (Q*)®"+C 

To determine an automorphism preserving the commutative structure, we just have 
to fix a non zero value on x (the unit [CP"] is preserved), so 

Autcom{H*<CPn=Q*- 

We deduce that 

(Q*)®- ^ TosPro5oo{ff*A}[^]. 

Example 5.16. Let S be a compact oriented surface of genus g. The zero and 
second cohomology groups of S are Q, and the first cohomology group is generated 
by 2g generators. We thus have 

Aut^{H*S) ^q*® GL 2 g{q) © QC 

To determine an automorphism preserving the commutative structure, we just have 
to fix a non zero value on each generator, so 

Autcom{H*S) ^ GL^giq) © q*. 

We deduce that 

Q* TrosFrob^{H*S}[^]. 
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Example 5.17. One constructs the cohomology ring of a connected sum of two 
orientable n-manifolds M'^N as follows. Using a Mayer-Vietoris exact sequence 
argument, one checks that the zeroth cohomology group of M'^N is generated by 
the fundamental class [M^N], the group is generated by a top cohomology class 
and 

WM^N = H*M © WN 

for 0 < z < n. The cup product of two classes belonging respectively to H^M and 
H^N is zero. The cup product of two classes belonging respectively to WM and 
M is their cup product in M for z + j < n, and is identified with the top 
cohomology class of MjjfV for i + j = n. 

Let M = CP^jJCP^ be the connected sum of two copies of CP^. This is a 4- 
dimensional orientable closed manifold. The zeroth and fourth cohomology groups 
are isomorphic to Q. For 0 < z < 4, we have 

WM ^ P*(CP2) © H\<CP^), 

hence H^M = H^M = 0 and H'^M = Qa;i © Qx 2 - Regarding the ring structure, 
the classes xf and are identified with the top cohomology class generating 
hence x^ = X2, and the cup product xi U X 2 is zero. 

The automorphisms of H*M as a graded vector space are 

AutQ{H*M) = GPi(Q) X GP2(Q) X GPi(Q) 

= Q*xGL2(Q)xQU 

The automorphisms of H*M as a graded commutative algebra fix the unit so they 
will be of the form 

Autcom{H*M) =HxQ* 

where H is a certain subgroup of Gp 2 (Q) that we now explicit. Let / be a commu¬ 
tative algebra automorphism of H*M, it induces an automorphism on H‘^M that 
we still denote by /. This automorphism corresponds to a certain invertible matrix 

f ai 6i\ 

\a2 62 ) 

where f(x\) = aiXi + 02^2 and f{x 2 ) = biXi + 620 : 2 . The relation x^ = x^ implies 
that f{xiY = f{x 2 )^- We have 

f{xif- = {aiXi+a 2 X 2 f' 

= a{x\ + 201020:1 U 0:2 + 02 a ;2 

/ 2 I 2\ 2 

— (Oi + 02)0:1, 

and 

f{x2f = ( 6 ? + bl)x\ 
so 

Oi + O2 = 61 + 62, 

that is, the two vectors of defining the columns of matrix have the same norm. 
The relation o;i U 0:2 = 0 implies that f{xi) U f{x 2 ) = 0, that is 

(oio;i + 020:2) U (6io;i + 620:2) = 0161X1 + (0162 + 0261)^1 U 0:2 + 02620:3 

= (0161 + 0262)Xi 

= 0 
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hence 


aibi + 02^2 = 0 . 


This means that the two column vectors of the matrix are orthogonal (their scalar 
product is zero). This matrix is consequently orthogonal up to normalization, and 
we get a semi-direct product 


H = q*K02{Q). 


If we consider the cohomology with real coefficients instead of the rational one, we 
get the conformal orthogonal group (702 (K) (the group of conformal linear maps 
on K.^). We still denote by (702 (Q) its rational version. We have 

GL2(Q)/002(Q) X Q* -a TTosFroboo{H*{CP^iCP^)}{^y 

When working over K., by the exact sequence 

1 ^ SL2{M.) GL2(K) R* ^ 1, 


the general linear group is a semi-direct product 

GL2{R) =IR* k 5L2(M)- 


Moreover, the special linear group admits the Iwasawa decomposition 

SL2{R) = K X Ax N. 

The quotient G'L2(M)/C02(M) is then the direct product A x A^. 
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